THE BERGMAN KERNEL OF THE SYMMETRIZED 
POLYDISC IN HIGHER DIMENSIONS HAS ZEROS 
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Abstract. We prove that the Bergman kernel of the symmetrized 
polydisc in dimension greater than two has zeros. 



Let D be the unit disc in C. Let A = (Ai, . . . , A„) G and 7r„ = 
{nn,i, . . . , vr„^„) : C" be defined as follows: 

7rn,fc(A) = ^ Aj, . . . , Aj^, l<k<n. 

l<ji<-<jk<n 

The set Gn = '?i"n(D") is called the symmetrized polydisc. The sym- 
metrized bidisc G2 is the first example of a bounded pseudoconvex 
(even hyperconvex) domain that cannot be exhausted by domains bi- 
holomorphic to convex domains and on which the Caratheodory and 
Kobayashi distances coincide (see |11 and PP, see also Note 
that G„, n > 3, cannot be exhausted by domains biholomorphic to 
convex domains, too (see [?]). It is, however, not known whether the 
Caratheodory and Kobayashi distances coincide on G„, n > 3. 

In jni, the following explicit formula for the Bergman kernel Kq^ of 
G„ has been found: 

(1) 

Observe that although the right-hand side of (1) is not formally defined 
on the whole G„ x G„, it extends smoothly on this set. The formula 
(1) easily implies that G2 is a Lu Qi-Keng domain (see 0), i.e. Kq^ 
has no zeros on G2 x G2 - for the comprehensive information on the 
Lu Qi-Keng problem see e.g. Pj. Then the following natural question 
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has been posed in P (see also jS]): Does Kiq^ have zeros for n > 3? 
The aim of this note is to give a positive answer to the above question 
thus providing an example of a proper image of the polydisc n > 3, 
which is not a Lu Qi-Keng domain. 

Theorem 1. K^^ has zeros for any n > 3. 

Proof. We shall proceed by induction on n > 3 showing that: 

(*) there are points A,// G D", both with pairwise different coordi- 
nates, such that 

A„(A,yu) := det[(l - \'UkY\<3,k<n = 

and /„ := A„(-, A2, • • • , A„, /ii, . . . , /x^) ^ 0. 

The case n = 3. We have the following formula (see Appendix A): 

(2) AG3(7r3(Ai, A2, A3), 7r3(/ii, /is, 0)) = -^r^^ , _ 

where z = ^ (/ii 7^ 0), Vj = Xjjii, j = 1, 2, 3, and 

ai.^) = 7r3,2(z^)(2 - 7i-3,i('^)) + 7i"3,3('^)(27r3,i(i^) - 3), 
6(i/) = (7r3,i(//) - 2)(7r3,2(i^) - 27r3,i(z/) + 3) + 3(7r3,3(//) - 7r3,i(//) + 2), 

c(/^) = 7r3,2('^) - 27r3,i(i/) + 3. 
For the fixed point = (e*'^/^, e*'^/^, e"""^/^)^ the number 

_,,/4 6-3V3- ^40^3-69 
^° ~ V2(3 V3 - 5) 

satisfies the equality a{h'o)zQ — b{h'o)zQ + 2c(z/o) = (see Appendix B). 
Since zq G ©, it follows that for any z/ G D^, close to uq, there is a 
2; G ©, close to 2;o5 such that a{h')z'^ — h{v)z + 2c(z/) = 0. Then choosing 
/ii G © with > |z/2|, I'^sl we get points A,/i G D^, both with 
pairwise different coordinates such that A3(A,//) = 0. 

To see that /s ^ assume the contrary. Then /3(0) = /3(0) = 
fm = 0, i.e. 



det 



— J — ? — J 

/«3 

;i-A27ii)-2 (i-A2aZ2)-^ (1-A2712)-' 
;i-A37ii)-^ (1-A3712)-' (1-A3713)-' 







for J = 0, 1, 2. Since fii, fi2, y^z are pairwise different, the vectors (1, 1, 1), 
(/ii, /i2, ^z) and (/i^, /i2, /i3) are linearly independent. It follows that the 
vectors in the second and the third lines of the above determinant are 
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linearly dependent. In particular, KQ^{n2{X2, X3), 712(1^2, fJ^sj) = 0, a 
contradiction. 

The induction step. Assume that (*) holds for some n > 3. We shall 
choose numbers Ai and A„+i in D, close to Ai and 1, respectively (which 
will provide pairwise different coordinates of the new points), such that 

^n+l(-^l) Xn+i) '■— A„+i(Ai, A2, . . . , A„, A„+i, /ii, . . . , A„+i) = 
and gn+i{-, A„+i) ^ 0. Note that 

/n(Al) 



9'n+l(Al, A„+i) — 



'1 - lA 



n+l| 



12^2 



+ hn{Xi, A„+i), 



where hn is a continuous function on D x D. Since /„ ^ is a holo- 
morphic function, for any small r > the number Ai is the only zero 
of fn in the closed disc D C D with center at Ai and radius r. Then 



m 



max 



dDxi 



> 0. Hence |/„| > (1 - |A 



n+l\ 



|2\2 



on 



dD if 1 — |A„+ip < y/m. Fix such a A„+i. Since /i„(-,A„+i) is a holo- 
morphic function on D, the Rouche theorem implies that gn+i{-, A„+i) 
has finitely many zeros in D (in particular, 5f„+i(-, A„+i) ^ 0), which 
completes the proof. 

□ 

Remark. The above proof shows that if n > 4, then there are points 

(A,z/), close to the diagonal of x in the following sense: A-,- = 
/ij > for j = 4, . . . , n such that KG^{'Kn{X) , 7r„(/u)) = 0. On the other 
hand, it can be shown that Kq^{713{X) , 713(H)) 7^ if A3 = ^3. 

Appendix A. By (1), one has that 

(3) 

7r^(Ai-A2)(Ai-A3)(A2-A3)/ii/X2(/^i-/"2)^G3(7r3(Ai, Ai, X3), 7^3(111, 1^2, 0)) 



= det 



[l-u^)-' {l-zu^) 
[1-1^2)-' (I-ZU2) 
:i-^3)-^ (1 



= det 



-2 



(l-ZVl 

(1 - U2)-' 



(1 

fl 



1-2 



-2 1 

-2 1 

-2 1 

1-2 



-2' 



(1_ ^3)2(1 _ ^^3)2 



i^s)-' {I-ZU2)-' 

■Vl + 1/3 — 2 ZVi + ZP3 



(1 - ZV3 

(1 - zv^)-^ 



det 



(1 - ^i)2 (1 - zv,)^ 

1^2 + ^3-'^ Z1^2 + ZU3-2 



:i - ^2)^ 



(1 - Z,^2)' 
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l.\.l<j<3,l<k<2\^ ~ "^jf^kJ ^ 
(4) -{U2 + 2){zUi + Zl^s - 2)(1 - Ulfil - ZV2f) 

{v, u,)iu2 D{u)z + 2C(//)) 



(5) 



ni<j<3,i<ifc<2 (1 - \t^kY 



To find A(z/), B[v) and C{v), we shall use that the coefficients of z^, 
and z in the large brackets in (4) are equal to 

A{v) = {ui + u^s~2){u2 + U3)uf{l~iy2y - {iy2 + iys-2){ui + us)iyiil - 

-2C{v) = 2{v2 + - 2) (1 - v^f - 2{ui + zvg - 2)(1 - i/2)2 and 

B{u) + 2C{u) = {ui + 2){u2 + 1^3 + 4z^i)(l - 1^2^ 

-{1^2 + 1^3- 2){ui + 1^3 + 4z/2)(l - 
respectively. Calculations lead to the formulas 

A{u) = {u2 - i/i)(7r3,2(z^)(2 - 7r3,i(i/)) + 7r3,3(i/)(27r3,i(i/) - 3)), 

C{u) = (1/2 - i^i){t^3,2{^) - 27r3,i(z^) + 3), 
B{iy) = (z/2-z/i)((7r3,i(z/)-2)(7r3,2(/v)-27r3,i(zy)+3)+3(7r3,3(z/)-7r3,i(z/)+2)). 

To get (2), it remains to substitute these formulas in (5) and then to 
compare (5) and (3). 

Appendix B. Since 

, , l + 2VS + iV^ , . 2 + v^ + i3 , , , ,3 

7r3,l(z^o) = ^ , 7^3,2 (J^o) = ^ , 7r3,3(j^o) = & ' , 

the formulas for a{y\ h{y) and c{y) lead to 

a(z/o) = (3V3-5)e*"/^ hiy^) = {6^2-3^6) e'^^^'^ c{uo) = (273-3)6"^^/^ 
Then for z = e~'^/'^a; one has e'^/^(a(fo)-z^ - b{i'o)z + 2c{i'o)) 
= (3^3 - 5)a;^ + (3^6 - 6V2)x + 4^3 - 6 =: 

™ f 1 -1 1 . 6-3v/3±a/40v/3-69 
ihe zeros of the polynomial p are equal to -= -= . 

v 2(3v 3 — 5) 

Note that the smaller one hes in (0, 1), since p(0) > > 
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